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We study models of emergent space associated with the Coulomb branch, non- 
commutative and /3 deformations of the — A super Yang-Mills theory, extending 
a previous work on the undeformed conformal case. The idea is to compute the 
effective action for D-instantons from the microscopic four-dimensional open-string 
description and to compare with the non-abclian D-instanton action in the dual ten- 
dimensional supergravity background. To linear order in the deformation parameter, 
the D-instantons can probe the full space-time geometry and we can derive all the 
supergravity fields in this way. Wc find a perfect match with the known supergravity 
solutions, including for the Neveu-Schwarz and Ramond-Ramond forms. 
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1 Introduction 



The AdS/CFT correspondence [1-3] and its generalizations [4,5] offer a framework in 
wliicli, in principle, geometry and quantum gravity can be studied from well-defined 
gauge theories without gravity. The gauge theories are formulated on the boundary 
of the bulk space-time. The bulk space emerges together with a metric and other 
propagating fields from the sum over the gauge theory planar diagrams. This dual 
"holographic" description of the large N limit has been used extensively in the liter- 
ature to understand the strong coupling dynamics of gauge theories. Unfortunately, 
trying to understand the properties of space and quantum gravity from gauge theory 
has proven to be much harder [6]. One has to compute at strong coupling in the 
gauge theory and, even if this were possible, the holographic reconstruction of the 
geometry from typical field theory correlators is highly non-trivial. 

Recently, one of the authors of the present work proposed a detailed procedure 
to derive the geometric properties of the bulk geometry from explicitly defined gauge 
theory correlators [7] . The basic idea is to consider the scattering of K probe branes, 
K being fixed, off a large number of background branes, as depicted in Figure 1. 
This system contains three types of open strings, depending on their boundary con- 
ditions. The effective action 5'efr for the probe branes can be obtained by integrating 
out the background/background and background/probe open strings. In the usual 
near-horizon or small a' limit, this amounts to computing a standard gauge-theoretic 
path integral. Remarkably, the result matches with the non-abelian D-brane action 
for the probe branes moving in the non-trivial supergravity background created by 
the background branes. Using known formulas for this non-abelian action [8], the 
supergravity background can then be read off straightforwardly from jS'eff. 

In [7], following the above strategy, the full AdSs x background, including 
the suitably normalized Ramond-Ramond five-form field strength, was derived from 
a purely field theoretic calculation. The aim of the present paper is to study the 
emergence of other type IIB geometries from field theory along the same lines, by 
considering three deformations of the conformal — A super Yang-Mills theory with 
broken conformal invariance or supersymmetry. 

The simplest deformation we consider is the Coulomb branch deformation, which 
corresponds to turning on the vacuum expectation values of the scalar fields of the 
Af = 4 theory. This breaks both conformal invariance and R-symmetry but preserves 
sixteen supersymmetries. The resulting dual geometry asymptotically coincides with 
the usual AdSs x background in the UV but the metric and the Ramond-Ramond 
five-form field strength are modified in the IR at the scales set by the scalar ex- 
pectation values. Our field theory caknilations yield a perfect match with the known 
near-horizon limit of the general multi-centered D3-brane solution, for both the metric 
and the Ramond-Ramond form. 
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Figure 1: On the left, the world-sheets describing the leading large N interaction be- 
tween K probe branes and a stack of background branes. The number of boundaries 
on the background branes can be arbitrary, corresponding to a sum over loops in the 
microscopic gauge theoretic path integral. This sum is replaced on the right by a 
unique open string disk diagram in a non-trivial geometrical background. 

The second case we consider is the non-commutative deformation [9,10]. It breaks 
conformal invariance but preserves both supersymmetry and R-symmetry. This model 
does not seem to have a UV fixed point and, accordingly, the known supergravity 
dual [11, 12] does not have a boundary in the UV and it is likely that a purely field 
theoretic description does not exist. However, at sufficiently large distance scales, 
the model approaches the undeformed N' = 4 theory and the physical interpretation 
of both the field theory and its dual supergravity background become clear. The 
emergent geometry we find is then fully consistent with the background proposed 
in [11,12]. 

Finally, we investigate the so-called /9-deformation [13]. In its most general form 
[14], it breaks supersymmetry completely but preserves conformal invariance in the 
planar limit [15,16]. The supergravity solution [14,17] is known when the deformation 
parameters are small, which ensures that the a' corrections can be neglected. Again, 
our solution is fully consistent with supergravity, including for the Neveu-Schwarz 
and Ramond-Ramond three-form field strengths. Let us note that the form of the 
dilaton was already derived from instanton calculus in very interesting previous papers 
(see [18,19] and related research in [20-26]). 

The plan of the paper is as follows. In Section 2, we briefly review the set-up, which 
is explained in more details in [7], and present our main results. In particular, we 
emphasize the new subtleties associated with the use of D-instantons in backgrounds 
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that have a non-constant dilaton [27]. The details of the calculations are included 
in Section 3. We briefly conclude and outhne future directions of research in Section 

4. We have also included three appendices containing our conventions, which are 
consistent with those used in [7], useful identities and formulas and a review of the 
supcrgravity solutions dual to the non-commutative and the /3-deformed models. 

Note on interesting previous works 

Let us mention other interesting attempts to derive the closed string picture 
from open string or gauge theory calculations via approaches that complement ours. 
Beyond the instantons/D-instantons calculations that we have already mentioned 
[18-26] , D-instanton corrections to the gravitational background dual to a collection 
of D-branes have been investigated in [28-30]. Similar studies using the boundary 
state formalism can be found in [31,32]. Other fruitful lines of research have been 
pursued in [33-36] , where properties of some dual geometries were obtained from the 
study of matrix models, and in [37,38] in the type IIB matrix model context. 

2 Set-up and main results 
2.1 The general strategy 

We consider the path integral for a system oi N ^ 1 background D3-branes and K 
probe D-instantons. In the "near-horizon," a' — > limit, this path integral reads 



where S^, is the low energy world- volume action on the D3-branes and is the action 
for the D-instanton moduli, taking into account their coupling to the D3-brane local 
fields. The action S'b is the A/" = 4 super Yang-Mills action or a deformation thereof. 
The action S'p was derived in [39-41]. From the gauge/gravity duality, we expect (2.1) 
to be equivalent to the path integral for K D-instantons in the non-trivial near-horizon 
closed string background generated by the background branes. 



In (2.2), Z and \I' are the D-instanton matrix bosonic and fermionic moduli in ten 
dimensions and the effective action S^q is the non-abelian D-instanton action. This 
action can be computed [7] from the general formulas given by Myers in [8]. It 
depends non-trivially on the supcrgravity background and thus can be used to obtain 
the supcrgravity fields. 

In practice, to derive the emerging geometry from Sce^ we need to cast (2.1) in the 
form (2.2). To do this, we first integrate over the D(-l)/D3 string degrees of freedom 




(2.1) 




(2.2) 
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in (2.1). As explained in [7] (see also [42-46]), this integration can always be done 
exactly at large N, by introducing auxiliary variables. Some of these variables turn 
out to correspond to emerging space coordinates, providing precisely the required 
moduli to write the result in the form of (2.2). The factor e^'^'=« is related to the 
superdeterminant ^ of a local operator in the four-dimensional gauge theory. Inte- 
grating over the D3/D3 strings in (2.1) then amounts to computing the expectation 
value of this superdeterminant, 

(^>(Z,^) =e-^««(^'*^ (2.3) 

This equality provides a precise mapping between any state in the D3-brane theory, in 
which we take the expectation value of and a type IIB geometry, which is encoded 
in Scs- A crucial point is that the action Scs obtained in this way will always be 
proportional to N and thus yields a classical, non-fluctuating emergent geometry at 
large N. 

In general, the computation of the expectation value of the superdeterminant 
S> involves an intractable sum over planar diagrams. However, in some interesting 
cases, drastic simplifications can occur. In particular, for the D(-l)/D3 system under 
study, it corresponds to a one-point function which cannot be quantum corrected if 
conformal invariance is unbroken [7]. This is the case, for example, in the planar /3- 
deformed theory studied below. More generally, we shall assume that when eight or 
more supercharges are preserved, including when conformal invariance is broken, the 
expectation value (^) is not quantum corrected or, more mildly, that the terms in the 
effective action Scs that we use to derive the supergravity background are insensitive 
to the possible quantum corrections in {^). This is a very plausible assumption, which 
is strongly supported by the consistency of the results obtained in the present work 
and in forthcoming publications [47, 48] . It will be useful to eliminate this caveat in 
the future and provide a rigorous field theoretic analysis of these non-renormalization 
properties. 

It is important to realize that, even when (^) is not quantum corrected, the effec- 
tive action derived from (2.3) has an explicit non-trivial dependence on the 't Hooft 
coupling constant 

A = 47r^,7V, (2.4) 

coming from the exact integration over the D3/D(-l) degrees of freedom. This inte- 
gration amounts to summing an infinite class of planar diagrams, with an arbitrary 
number of loops. We shall see explicit examples in the following. 

When both conformal invariance and supersymmetry are broken, as would be the 
case, for instance, at finite temperature, the expectation value (^) will be quantum 
corrected, yielding an additional and a priori very difficult to compute dependence 
on A. Evaluating the relevance of this contribution will be crucial for future work, 
see e.g. [49]. 
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2.2 On Myers' D-instanton action 



To analyse the action Scs, we limit ourselves to the bosonic part, setting ^ = in 
(2.3). We then write the ten K x K matrices Zm, 1 < M < 10, as 

Zm^zmI + ^I^m (2.5) 

and expand 5'efr in powers of e, 

^eff = E = E ^4'"CM,...M„(^) tr Cm, ■ ■ ■ . (2.6) 

n>0 n>0 

The coordinates zm correspond to a given ten-dimensional space-time point and we 
have introduced powers of the string length 

il = 27ra' (2.7) 

for convenience. Myers' prescription for the non-abelian D-instanton action yields the 
coefficients Cmi--m„ in terms of the supergravity fields, sec formula (B.l) in Appendix 
B. Many terms in (B.l) are actually redundant, being fixed by general consistency 
conditions [27]. In order to derive the full set of supergravity fields, it is enough to 
consider the following combinations, 

c = -2iTiT = 2i7r(Co - ie""^) (2.8) 
127r 

C[MNP] — ——^d\M{T B — C2)np] (2.9) 
IStt 

C[MN][PQ] — — j^^~'^{GmpG]s[q — GmqGnp) (2-10) 



120i7r 1 
C[MNPQR] = ^5[m(C4 + C2 a 5 - -r£ a B)^p^^^ . (2.11) 



Myers' action has two basic limitations. The first comes from the symmetrized 
trace prescription [50,51] used to fix the ordering ambiguities due to the non-commu- 
ting nature of the variables Z. This prescription is valid up to order five in the 
expansion (2.6) but is known to fail at higher orders [52,53]. This caveat will be of 
no concern to us, since equations (2.8)-(2.11) show that the expansion up to order 
five is sufficient to fix unambiguously all the supergravity fields. 

The second limitation comes from the fact that the formulas (2.8)-(2.11) are valid 
only to leading order in the small £g , or supergravity, approximation. This implies that 
our microscopic calculations of (Sefr, which do not rely on a small approximation, 
can be compared with Myers' only when £g — )■ 0. When comparing our results with 
the known supergravity solutions, this restriction is harmless, since the solutions are 
themselves known at small £g only. 
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Let us point out, however, that some of the basic structural properties of the 
action, which are visible in the formulas (2.8)-(2.11), must be vahd to all orders in 

because they are consequences of the general consistency conditions discussed in [27] . 
One of the most interesting properties is that the coefficients c^mnp] and c^mnpqr], 
viewed as the components of differential forms 

F^'^ = ^qMNP] dz^ A dz^ A dz^ , (2.12) 

F^''^ = ^IMNPgR] dz"" A d^^ A dz'' A z'^ A z"" , (2.13) 
must always be closed, 

dF(=^) = 0, dF(5)=0. (2.14) 

Locally, we can thus write 

F(3) = dC(2) , F(5) = dCW . (2.15) 

Since the two- and four-form potentials C^^^ and C^^^ are well-defined to all order in 
£s, formulas (2.9) and (2.11) can actually be used to define the Ramond-Ramond and 
Neveu-Schwarz form fields to all order in i^, 

C(2) = rS-C2, C(^^ = C4 + C2AS- ^rSAS, (2.16) 

modulo the general gauge transformations that are discussed in details in [27]. One of 
our main goal in the present paper will be to compute the forms (2.12) and (2.13) for 
the Coulomb branch, non-commutative and /3-dcformations of the conformal A/" = 4 
gauge theory. As explained in the next Subsection we can then use (2.16) to compare 
with supergravity in appropriate limits. 

Other properties of the Myers action will not, however, be preserved by the £g 
corrections. For example, the only general constraint on the fourth order coefficient 

C{MN\\PQ\ is that it should have the same tensorial symmetries as the Riemann tensor. 
This does not imply a factorization in terms of a second rank symmetric tensor as in 
(2.10) and thus such a factorization property is generically lost when i\ corrections 
are included. 



2.3 On the use of the non-abehan D-instanton action 

There is one last crucial hmitation associated with the use of D-instantons to derive 
the supergravity background [27]. Intuitively, this limitation is related to the fact 
that a D-instanton, sitting at a particular point, cannot be expected in general to 
probe the geometry of the full space-time manifold. This restriction is waived if the 
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effective action, evaluated at Zu — zm\ Se-sizT) = Kc{z), does not depend on z, or, 
equivalently, if the axion-dilaton r is constant. This is the case for the Af — A gauge 
theory at any point on its Coulomb branch. However, for a generic background with 
non-constant axion-dilaton, the instantons are forced to sit at the critical points of 
c{z) = —2mr{z). This condition becomes strict when N ^ oo, being equivalent to 
the saddle-point approximation of the integral (2.2). 

An alternative way to understand the same limitation is to study the effect of 
general matrix coordinate redefinitions on the effective action. It is explained in [27] 
that, when dc is generic, one can actually gauge away the coefficients Cmi---m„ for 
n > 2 in the expansion (2.6) by an allowed matrix transformation Z Z'. 

For the purposes of the present paper, we shall deal with this difficulty by using a 
perturbative approach around the AdSs x background on which the instantons can 
freely move. This is possible because the non-commutative and /3-deformed models 
are continuous deformations of the J\f — i gauge theory and thus the associated dual 
backgrounds will be themselves continuous deformations of the AdS5 x background. 

Let us denote by rj the deformation parameter; rj is the dimensionless ratio d/i^ 
for the non-commutative theory discussed in Section 3.2 or the combination for 
the /3-dcformed theory studied in Section 3.3. Let us also denote by c\^^,„j^j^ the 
coefficients in the expansion (2.6) for the undeformed AdSs x S^ background. In 
our models, the gradient of the axion-dilaton and the corrections to the metric and 
five-form field strength turn out to be of order rj"^. Hence, 

c{z) = c* + 0{v') , (2.17) 
C[MN][PQ]iz) = C*MN]lPQ]i^) + 0{r]'^) , (2.18) 
qMNPQR]{z) = cImnpqr]{z) + 0{rj^) , (2.19) 

whereas the three-form field strengths are turned on at leading order, 

C[MNP]{z) = 0{ri) . (2.20) 

The general variation of c^mnp] under an arbitrary redefinition of the matrix coor- 
dinates corresponds to a standard tensorial transformation under diffeomorphisms 
plus terms proportional to the gradient of c [27] which, by (2.17), are 0{7f ). This 
means that the Neveu-Schwarz and Ramond-Ramond forms B and are unambigu- 
ously fixed in terms of the microscopic calculation of the coefficient C[mnp] of the 
D-instanton effective action to leading order in the deformation parameter rj. 

Moreover, since the background derived from S'efr unambiguously matches with 
the AdSs x supergravity background [7] in the undeformed theory, we can always 
choose the same coordinate systems in both points of view at ?7 = 0. In the deformed 
?7 7^ models, the coordinate systems Zmic and ^sugra used in the effective action 
Ses and in the supergravity solution respectively no longer necessarily agree, but the 
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discrepancy must be of order 77, 

^mic = ^SUGRA + . (2.21) 

The associated ambiguity in the axion-dilaton field c{z) is then of order 

6c = 6zMdMC = 0{r]dc) = 0{rj^) . (2.22) 

This means that the leading 0{7f) non-constant term in the axion-dilaton field, see 
(2.17); is unambiguously fixed in terms of the microscopic calculation of c{z). 

The conclusion is that, by using D-instantons, we have only access to the leading 
deformations of the AdSs x background, through the 0{ri) terms in B and C2 
and the Oirf ) term in r. Beyond this order, the instantons can no longer probe 
the full space-time geometry due to the non-trivial dilaton profile. In particular, the 
backreaction on the metric and five-form cannot be obtained. 

Of course, the above restrictions do not apply if we use particles or higher- 
dimensional branes, which can probe the geometry with their kinetic energy. Ex- 
amples are worked out in [47, 48] . 



2.4 The Examples 

We now present our main results, postponing the detailed derivations to the next 
Section. It is convenient to separate the ten space-time coordinates {z^) into four 
coordinates {x^) parallel to the background branes and six emergent transverse coor- 
dinates {ija) — y- The radial coordinate r is defined by 

= f . (2.23) 



2.4.1 The Coulomb branch 

Our first example is the Coulomb branch deformation of the conformal U(A^), J\f = 4 
gauge theory studied in [7]. This deformation is parameterized by the scalar expec- 
tation values as 

(ipA) = diag(?/iA, ■ ■ ■ , yNA) , 1<A<6. (2.24) 

The supcrgravity fields, derived from the expansion of the D-instanton effective 
action computed in Section 3.1 by comparing with (2.8)-(2.11), read 

ds' = H-^/Mx^dXf, + H^/^ (dr^ + r^dnfj , (2.26) 
Nit/r^ OH .R^ dH-^ \ 
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We have denoted the metric on the unit round five-sphere by dfl^ and used the 
definitions 



1 ^ /?4 

^f®=F2:7^^' (2-28) 

^^AdSs = ^ dxi A • • • A dx4 A , (2.29) 

1 R^up 

^s^ = FT ^;6~^^'BCD£;f dy^ A • • • A dy^ . (2.30) 
5! y 

The radius is related to the string scale and the 't Hooft coupling A as 

= ^'2^ ^ ^ _ (2.31) 

The parameter ■& is the bare theta angle. The solution (2.25), (2.26) and (2.27) 
matches perfectly the supcrgravity solution for the multi-centered D3-brane back- 
ground (a detailed presentation of BPS brane supcrgravity solutions can be found 
e.g. in [54]) in the standard Maldacena scaling limit. 

Let us note that the axion-dilaton r given by (2.25) is a constant for the present 
solution. The D-instantons can thus move freely on the entire space-time geometry 
and the restriction discussed in 2.3 does not apply. Moreover, the match between 
the microscopic calculation and the supcrgravity solution is found at finite £g or, 
equivalently, for any value of the 't Hooft coupling. This suggests that, similarly 
to the undcformcd AdSs x background [55-57], the near-horizon multi-centered 
D3-brane background could be exact, with vanishing £g corrections to both Myers' 
action and to the supcrgravity equations of motion. 

Beyond the details of the solution, let us emphasize that general properties like 
the self-duahty of the five-form field strength with respect to the metric (2.26), 

★Fs = -iFs , (2.32) 

or the quantization of the five-form fiux in units of the D3-brane charge, 

Fs = AT:HtN{r) , (2.33) 

where N{r) counts the number of D3-branes with < r'^, which are fundamental 
consistency requirements from the point of view of the closed string theory, are highly 
non-trivial and rather mysterious consequences of the microscopic, field theoretic 
calculation of the effective action. 
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2.4.2 The non-commutative deformation 



Our second example is the non- commutative deformation of the Af = 4 gauge theory. 
This deformation amounts to imposing non-trivial commutation relations among the 
space-time coordinates [9,10]. The most general deformation is parameterized by a 
real antisymmetric matrix O^i,, with 



-i9 



(2.34) 



Up to an S0(4) rotation, we may assume that the only non-vanishing components 
are 612 — —^21 and ^34 = —^43, with corresponding self-dual and anti self-dual parts 



1 



^12 — ^ti — (^12 ± ^34) , 0± - - {O12 ± 6^34)^ . 



(2.35) 



As discussed in Section 3.2, it can be convenient for some purposes to make the 
rotation to imaginary Euclidean time — > ix^, in which case ^34 is imaginary and 

The large N solution of the microscopic model, presented in details in Section 3.2, 
then yields an effective action (2.6) with 



A 



71 + AOlryR^ - 1 



. (2.36) 



Since the coefficient c depends non-trivially on the transverse coordinates the dis- 
cussion of Section 2.3 implies that the physical information contained in the effective 
action is obtained by expanding in ri± — 0±/il around the undeformed AdS^ x S^ 
background. Precisely, (2.36) can be used to find the axion-dilaton r = ic/(27r) up to 
terms of order r]^, giving the predictions 



Co 



'& AinN ^12^34 



2n\3 




+ o(c'^) 



+ 



■734 



(2.37) 
(2.38) 



Moreover, our microscopic calculation yields a third order coefficient C[mnp] and 
thus a three-form F^^^ of the form (2.15), with a two-form potential C*^^-* given by 



2mel 



^l + AOlr^/R^ 



dx^ A da;^ . 



(2.39) 



From the discussion of Section 2.3, we know that only the term linear in the deforma- 
tion parameter is physical. By using (2.16), we explain in Section 3.2 that this yields 
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the prediction 



r 



'4i7iN e 



34 



V A 



e 



+ 



dxi A dx2 



B = 



-^dxi A dx2 + ^dx3 A dx4 



(2.40) 



(2.41) 



We can now compare the above resuhs with the supergravity solution. This so- 
lution was derived independently by Hashimoto and Itzhaki on the one hand [11] 
and Maldacena and Russo on the other hand [12]. As explained previously, to com- 
pare the supergravity and microscopic solutions, we must expand in the deformation 
parameters Ou/f-s ^34/^s) which enter into the functions A12 and A34 defined 
in (C.8). For the Co field, this expansion plays no role and indeed equations (2.37) 
and (C.5) match. For the dilaton field, we find a match between (2.38) and (C.3) to 
quadratic order, consistently with our discussion in Section 2.3. For the B and C2 
fields, to compare supergravity with (2.41) and (2.37), we must use the approximation 
A12 — A34 ~ 1 to keep the leading contribution in the deformation parameter only. 
We again find a perfect match with the microscopic calculation, in the regime where 
both can a priori be compared. 

As a final remark, let us note that the dimensionless expansion parameter govern- 
ing the deformation with respect to the conformal J\f = 4 model is not really t] ~ O/i^ 
but rather the combination 

gj.2 Q ^2 



in the microscopic formulas (2.36), (2.39) and 



^SUGRA 



ill 



(2.42) 



(2.43) 



in the supergravity solution. In the microscopic formulas, A is a priori arbitrary, but 
the supergravity solution can be trusted only at large A. The condition t/sugra ^ 1 
thus automatically implies T^mic <^ 1 in the supergravity limit. However, the condition 
^suGRA ^ 1 cannot be satisfied for all r, even if we choose the deformation parameter 
^/£g to be arbitrarily small; we have to restrict ourselves to the region r <C £gA^'^^/^^''^, 
where the solution is indeed a small deformation of the AdS5 x background. This 
means that, even for infinitesimal ^, the theory is completely changed in the UV, a 
well-known difficulty associated with non-commutative field theories. 
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2.4.3 The ^-deformation 

Our last example is the /3-deformed A/" = 4 gauge theory. The most general deforma- 
tion studied in Section 3.3 is parameterized by three real parameters 71, 72 and 73 and 
breaks all supersymmetries. Let us discuss here the slightly simpler J\f = 1 preserving 
case 7 = 71 = 72 = 73- lnj\f—l language, the J\f — A multiplet decomposes into one 
vector multiplet and three chiral multiplets $1, $2 and $3. The /3-dcformation then 
simply amounts to replacing the Af — 4 preserving superpotential term tr[$i,$2]^3 
by tr(e*^T$i$2$3 - e^'^^^i^s^s). 

To describe the solution of the model it is convenient to introduce the polar 
coordinates (pj, 9i), 1 < i < 3, defined in terms of the transverse coordinates y by 

yi = Pi cos 01, yg = P2 cos 02, ^5 = P3 COS 0^ , 

1/2 = Pi sin 01, y4 = p2 sin 02, ye = Pa sin 0^ , (2.44) 



together with 

which satisfy the constraint 



n = ^\ , = ^ ' (2.45) 

VpI + pI + pI \y\ 



rl + rl + rj^l. (2.46) 
We shall also use the spherical angles (^,0) defined by 

ri = sin^cos0, r2 = sin ^ sin , r3 = cos^. (2.47) 

The large N solution of the microscopic theory, derived in Section 3.3, yields 



c — 



X 



+ Nhi[l - A{rlrl + rlrl + rlrl) sin2(7r7)) . (2.48) 



Expanding to second order in the deformation parameter 7 as required by the discus- 
sion in Section 2.3, we obtain the prediction 



,_47riV 
~ A 



(1 + \xi\Tlrl + rlrl + rlrl) + 0(A7^)) . (2.49) 
Moreover, the two-form C*^^^ defined in (2.15) is found to be 



C(2) = ^sin(27r7) 



Gi A d^i + G2 A d^2 + Ga A d^a 

_ i rlrld0i A d^2 + r^rfd^i A d^a + rlrld02 A d^a 
4 1 - 4(rfr| -\- rlrl -\- rlrl) sin^(7r7) 



(2.50) 
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with 

,^ rir-irs {ri + {r^ + rl) cos{27rj)) 

dGi = ^ — 2 db' A d0 , (2-51) 

(l — 4(rfr2 + r^r| + r^rl) sin^(7r7)) 

,^ ^^2^3 (ri + {rj + r|) cos(27r7)) • ^ ,^ . , , 

dG2 = ^ — 2Si^^d6'Ad0, (2.52) 

(l — 4(r^r| + rfr| + r^rl) sin^(7r7)) 

d(73 = nrMrl + irl + rl)cosi2n,)) ^ ^^^^^^ 

(l — A{r\r2 + rfrl + r|r|) sin^(7r7)) 

To obtain a prediction for B and C2, we are instructed by the discussion in Section 
2.3 to expand to hnear order in the deformation parameter 7. In this hmit, 

dGi ~ dG2 ^ dGs ~ rir2r3 sin 61 d6' A d0 = dcui (2-54) 

and (2.16) then yields 

C2 = -SNiljui A (d^i + d^2 + d^^s) + 0(7') , (2.55) 

B = -^-firlrjdOi A d^a + r^r^d^i A d^a + rlrld92 A d^a) + 0(7^) . (2.56) 

The supergravity dual of the /3-deformcd theory was studied by Lunin and Mal- 
dacena in [17] (or, more generally when 71, 72 and 73 arc distinct, by Frolov in [14], 
see Section 3.3). This is reviewed in Appendix C.2. The supergravity solution can be 
trusted as long as the two conditions 

A > 1 , A7^ < 1 , (2.57) 

are satisfied. The discussion in Section 2.3 implies that supergravity can be compared 
with the above microscopic solution only when the background is a small perturbation 
of the undeformed AdSs x S^ solution. This occurs when A7^ ^ 1, in which case the 
functions 1/\/G and ^/G in equations (C.12) and (C.13) can be simplified. This yields 
a perfect match with (2.49), (2.55) and (2.56). 

3 Derivation of the solutions 

Our starting point is the microscopic probe action Sp for K D-instantons in the 
undeformed conformal J\f = 4 model. This action was presented in details in [7] and 
corresponds to the standard sigma model for the ADHM instanton moduli. Using 
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notations explained in the Appendix A, it reads 



i 11 

+ 2^"Df,^a^^Jqi3 + -q"(t)A(t>Aqa - -^T^ Aab(t> aX^ 

+ AaaX" + ^X"A"„?a + " " " (3-1) 

The • • • represent couphngs with the local fields of the A/" = 4 gauge theory living on 
the background D3-brane worldvolume. These terms are described in [7, 40, 41] and 
enter crucially into the computation of the expectation value (2.3) of the superde- 
terminant but play no role whatsoever when this determinant is not quantum 
corrected. As discussed in Section 2.1, we can thus discard them for our present pur- 
poses. The moduli in (3.1) organize themselves into a vector multiplet (0^, A^a, Df^y) 
of six- dimensional M = 1 supersymmetry and an adjoint (X^, ■?/'"") and fundamentals 
(?a, x", x") hypermultiplets. Their detailed symmetry properties are presented 
in the Appendix, Table 1. Note in particular that the modulus D^,^ is self-dual. 

The fields in the vector multiplet (0^, Aqq, D^j^) are auxiliary fields that can be 
easily integrated out from (3.1) to yield the usual ADHM constraints and measure 
on the instanton moduli space. However, keeping these variables is crucial to solve 
the model at large N . In particular, the action, as written in (3.1), is quadratic in 
the hypermultiplet fields, a property that would be lost if we integrate out the six 
scalars 0a- Instead, we can integrate exactly over the moduli g, g, x, X which belong 
to the fundamental of U(A^). This yields an effective action which is automatically 
proportional to N and can thus be treated classically when N ^ oo. 

The microscopic actions for the deformed theories that we study in the present 
paper are simple modifications of (3.1) and their large N limit can be studied along 
the same lines. Since our goal is to obtain the bosonic effective action, we shall always 
set h-aa and ■0"" to zero in the following. We also introduce the notation 

Fa = 4Va, (3.2) 

since the auxihary fields 0a will turn out, as in [7, 20, 21], to play the role of the six 
emerging transverse coordinates. 
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3.1 The Coulomb branch deformation 



3.1.1 The microscopic action 

The Coulomb branch deformation amounts to turning on non-zero expectation value 
{^Pa} for the — A scalars. The microscopic action is then modified by making the 
replacement 

^ </>a/< - (^a/V^ = ^/'a/^ - CvfASfSi (3.3) 

in the third line of (3.1). We have indicated all the U(iV) and U{K) indices explicitly 
for clarity. This modification is actually best understood as coming from the coupling 
of the scalar fields ipA to the moduli in the • • • part of the action (3.1) that we have 
not written down explicitly. 



3.1.2 The effective action 

Integrating out q, q, x, X yields the effective action 



5eff(^,l^,l^) = A'(^+i^) 

tru(i,){2i£^L',4X„X.]-[X„y^][X„y^]}+lnA,,,--lnA;,,^. (3.4) 



+ 



The logarithm of the supcrdctcrminant ln(Aq ^/A^^^) is the sum of the term obtained 
by integrating over the bosonic variables q, q, 

N 

In A^,q = ^lndet(^(rA - ® hx2 + i(-tD^^ ® a^,^)j (3.5) 
/=i 

and the term obtained by integrating over the fermionic variables %, %, 

N 

- In A^,;^ = - 5^ In det (S^ ® {Ya -yjA)). (3.6) 
/=i 

This action is proportional to N and thus can be treated classically at large N. In 
particular, the fluctuations of X, Y and D are suppressed. The six matrices Ya are 
interpreted as the six coordinates for the emerging space transverse to the background 
D3-branes. Together with the four X^s, they correspond to the ten matrix coordinates 
Zm in the non-abelian D-instanton action (2.6). Consequently, to compare (3.4) with 
(2.6), we simply need to integrate out the additional variables D^j^i, by solving the 
saddle-point equation 

^ = (3.7) 

dD ■ 
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and plugging the solution D^;, = {D^^y) back into (3.4), 

5'eff(X,r)=5eff(X,F,(D)). (3.8) 

Our goal is to expand Ses{X,Y) as in (2.6), up to the fifth order and then use 
(2.8)-(2.11) to read off the supergravity background. This calculation is very similar 
to the one performed in [7] . We set 

= x^l + e,e^ , Ya = VaI + ^leA (3.9) 

and solve (3.7) perturbatively in e. Using the standard notation [£^^,£1,]"'" for the 
self-dual part of the commutator (see (A. 5)) and defining the function 

1 ^ R4 

Hiy) = j,Y.j^^^^ (3-10) 

/=i [y - Vf) 

where R is given by (2.31), we obtain 

{D^,) = iH-^ [e^, e,]+ + -fdAH'^ (e^[e^, e,]+ + [e^, e,]+ e^) + 0(e") . (3.11) 

Let us note that since {D) solves the equation of motion (3.7), it enters into (3.4) at 
order {DY and thus the expansion (3.11) to third order in e is sufficient to get the 
expansion of (3.4) to fifth order. 

Plugging (3.11) into (3.4), expanding the determinants by using the relation 

lndet(M + (5M) =lndetM + ^^ tr(M-^5M)" (3.12) 

n>l 

and computing the resulting traces by using the identities (A. 4) and (A.19)-(A.23) 
in the Appendix, we find that the first, second and third order action in (2.6) vanish, 
due to many cancellations between the bosonic and fermionic contributions (3.5) and 
(3.6), 

S^Ji = Sf^ = S^S = Q. (3.13) 
On the other hand, the action is non-trivial at the fourth and fifth orders, 

2^ ^ ^ (3.14) 

+ ^H[eA,eB\[eA,eB\^ , 

£10 , 

tr2 r ir 1 2zi/2 ^ ^ 

— n €a[€b, ecJL^B, ecj ^ — ^abcdef^b^c^d^e^f j ■ 
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3.1.3 The emergent geometry 

The results of the previous subsection are perfectly consistent with the general ideas 
explained in Section 2 and depicted in Figure 1. The effective action that we have 
obtained can be matched with the non-abelian action for D-instantons embedded in a 
non-trivial ten-dimensional emergent geometry, with background supergravity fields 
fixed by comparing (3.13), (3.14) and (3.15) with (B.l) or equivalently (2.8)-(2.11). 

The conditions S^^ — S^g — imply that the axion-dilaton is a constant, 
whereas S^'^ = yields 

S = C2-0. (3.17) 

On the other hand, the fourth order term (3.14) allows to identify the coefficient 
C[MN][PQ] which turns out to be precisely of the required form (2.10), with a metric 

Gf_iu = H'^/'^d^u , Gab = H^^'^^ab , Ga^i = (3.18) 

which is equivalent to (2.26). Finally, we get the completely antisymmetric coeffi- 
cient C[MNPQR] from (3.15), which yields the five-form field strength by comparing 
with (2.11) and using (3.17), 

Nil iNij _i 

{F5)aBCDE — T^dpHeABCDEF : (-^s) A/ii-/i4 — T^^^H €^^...^^ , (3.19) 

and all the other independent components (not related to (3.19) by antisymmetry) 
vanishing. This is equivalent to the formula (2.27). 



3.2 The non-commutative deformation 
3.2.1 The microscopic action 

The non-commutative deformation can be elegantly implemented by replacing all 
ordinary products fg appearing in the microscopic action by the so-called Moyal 
*-product defined by 

/*^ = e-^^-^'^^^^(/^), (3.20) 

where and are the translation operators acting on / and g respectively and O^i, 
is an arbitrary antisymmetric matrix [9,10]. The only moduli in (3.1) transforming 
non-trivially under translations are the matrices X^, with P^ ■ Xy = —iS^^. It is 
then easy to check that the only term affected by the use of the *-product is the 
commutator term 

trD^,[X^,X,] ^ trD^,{X^ * X, - X, * X^) = tr D^,{[X^,X,] + iO^,) . (3.21) 
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This simple reasoning reproduces the well-known modification of the ADHM con- 
struction in non-commutative gauge theories [58]. Note that, in particular, the action 
only depends on the self-dual part of the non-commutative parameters because 
the modulus D.,^ is itself self-dual. 



3.2.2 The effective action 



Integrating out Q', x, x from the microscopic action yields 

5eff(^, y, £>) = K + i^) - ^ tr [X„ Ya] [X„ Ya] 

- N\ndei{T.A®YA)+S{[X^,,X,] + ,Y\D-9+) . (3.22) 
We have singled out the £)-dependent piece in the action, 

S{[X^,X,\^,Y\D) = ^!^trL>^,([X^,X,] +ie^,Y 

+ N\n det ®l2 + iitD^, ® a^,) . (3.23) 

Let us note that the determinants appearing in (3.22) and (3.23) are special cases 
of the determinants (3.5) and (3.6) studied in the previous subsection. The crucial 
difference comes from the saddle-point equation (3.7), which now picks a new term 
in V, 

^ = ^-^{[X,,X^]-^^+ze;jl)ut{Y'^h+i£tD,.^^^^^ =0. (3.24) 

This equation must be solved for Df^^ — order by order in the expansion (3.9). 

By using (A. 8), we find a quadratic equation for the zeroth order solution. Picking 
the root that behaves smoothly when O^i, — > yields 

(D,^) = ^ (l - V^l + ^elryR^^ ^+ + O (e) (3.25) 

in terms of the transverse radial coordinate (2.23) and the parameter 6^ defined in 
(2.35). Plugging this result into (3.23) and (3.22) and computing the determinants 
using (A. 7) and (A. 16), we get the zeroth order coefficient (2.36) for the effective 
action. 

The first, second and completely symmetric third order coefficients in the expan- 
sion (2.6) of the effective action are fixed in terms of the derivatives of c by consistency 
conditions [27]. To get further information, we thus need to compute the completely 
antisymmetric third order coefficient or equivalently the three-form F^^'^ defined in 
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(2.12). Prom (A. 21), we see that the determinant in (3.22) cannot contribute to the 
completely antisymmetric coefficient. A priori, we thus simply need to plug the so- 
lution of (3.24) to the third order in e into (3.23). However, the algebra to do this 
calculation explicitly is daunting. Very fortunately, the discussion can be greatly 
simplified by using the following argument. 

The basic idea is to note that the /^-dependent piece (3.23) of the effective action 
and thus the saddle-point equation (3.24) as well depend only on the combinations 

and [Xfj^, X^]'^ — [e^, e,^]+ of the matrices Y^s and X^s. The same must be true 
after plugging D^,^ = {Dfj,i,) into <S. If we define 

y2 ^ + eler = r^ + 2tly ■ e + ite^ , (3.26) 

the expansion of S in powers of e is then most conveniently written in terms of [e^, e^y]'^ 
and e^. It will actually be useful to replace [e^, e^]'^ by a completely general self-dual 
matrix M+j, in (3.23) and (3.24), which is not necessarily a commutator, and solve 
the equations in term of this more general matrix. We simply have to keep in mind 
that M+ will be identified with [e^, e^,]'^ at the end of the calculation and is thus of 
order e . The most general single-trace expansion up to order three then reads 

Zi o 

+ i\s^.{T^) tr M+ + 4'<.(r') tr e.M+ + 0{e') , (3.27) 

where the primes denote the derivatives with respect to r^. The zeroth order coeffi- 
cient s(r^) is determined by the zeroth order solution (3.25) or equivalently (2.36), 

s(r') = c - ii? - + In (3.28) 

= iv(,/rT4^-l).^.n(^^^±W^). (3.29) 

Since S does not depend on and tr independently but only through the combination 
+ £ger, the expansion (3.27) must be invariant under the simultaneous shifts [27] 

^ + ila , - al , (3.30) 

for any real number a. This fixes the terms in tre,., tre^ and tre^ in terms of the 
derivatives of s and the term in tre^-M^ in terms of s^^ as indicated. To fix s^ivir^^i 
we can then use another shift symmetry, under 

M+^M++^C+, ^ - ^^e^ , (3.31) 

for any self-dual ^^j,. This symmetry comes from the fact that only the combination 
£gM^ + ^^^1/ enters in the generalized versions of the equations (3.23) and (3.24), in 
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which [X^, X,^]"'" has been replaced by i^-^ilu- This replacement is useful precisely 
because it allows to consider the symmetry (3.31), by waiving the tracelessness con- 
dition that any commutator must satisfy. The invariance of (3.27) under (3.31) then 
yields 

^+ . (3.32) 

Plugging this result in (3.27) for M+j^ = [e^,e,^]"'' and using (3.26) immediately yields 
the piece 

'^^ts'ixuVA tr €A[ei^, €„] (3.33) 

of the effective action contributing to the three- form F^^^ in (2.12), from which we 
obtain 

F(=^) = 4:s'^^yAdx^ A dx" A dy^ = d [is^^x" A dx"] . (3.34) 
This is equivalent to the formula (2.39) for the two- form C^^^ defined in (2.15). 

3.2.3 The emergent geometry 

In this example, there is a non-trivial contribution (2.36) to the action at order e*^. As 
we have extensively discussed in Sections 2.3 and 2.4.2, the physical content of this 
formula is obtained by expanding up to quadratic order in the deformation parameter 
6+ and comparing with (2.8). This yields 

...-._c..4.^f^^(..gl).o(4-.r. (3.3a) 

To disentangle the dilaton and the axion fields from (3.35), one has to be careful 
because the fields do not need to be real- valued in the Euclidean. It is thus convenient 
to rotate the X4 coordinate to Minkowskian time which, from (2.34), implies that 6^4 
is purely imaginary. After this rotation, the dilaton (p and the axion Co are real and 
we can then take the real and imaginary parts of (3.35) to get (2.37) and (2.38). 

Similarly, the action at third order yields (2.39) as we have shown. The physical 
content of this contribution is found by expanding to linear order in 9+, see Sections 
2.3 and 2.4.2. From (2.15) and (2.9), this yields 

tB-C, = ^^4^dx, A dx^ + 0{i:'e) . (3.36) 

To disentangle the Neveu-Schwarz and Ramond-Ramond fields B and C2 from (3.36), 
we again rotate to Minkowskian signature in which X4 and 634 are purely imaginary 
and the fields B and C2 are real. Taking the real and imaginary parts of (3.36) then 
yields (2.40) and (2.41). 



. ds 



iN 

el 



^1 + Aelr^/R^ 
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As a final remark, let us note that we have also computed the effective action to 
the fourth order. As mentioned in Section 2.3, only the term linear in the deformation 

parameter 9 is physical. Consistently with the supergravity solution, this linear term 
is found to vanish. At quadradic order in ^, we find a coefficient c<^mn]{pq\ which does 
not factorize as in (2.10), as expected. 

3.3 The ^^-deformation 

3.3.1 The microscopic action 

In parallel with the case of the non- commutative theory, the /3-deformation can be 
implemented by replacing the ordinary products fg appearing in the microscopic 
action by a *-product [17]. Let us denote by Qi, 1 < i < 3, the charges associated 
with the U(l)i X 11(1)2 X 11(1)3 subgroup of S0(6) corresponding to the rotations in the 
1-2, 3-4 and 5-6 planes in y-space respectively. The charge assignments according to 
the SU(4) quantum numbers is indicated in the Appendix A, Table 2. The *-product 
is then defined by 

/*^ = e*"^'^'=^''3^'5^/^, (3.37) 

where e^fc is the totally antisymmetric symbol, the charges QI and act on / 
and g respectively and 71, 72 and 73 are three deformation parameters that we shall 
assume to be real. When 71 = 72 = 73, A/" = 1 supersymmetry is preserved, but 
supersymmetry is completely broken otherwise. In all cases, the model is conformal 
in the planar limit [15, 16]. 

The only terms in (3.1) that arc affected when wc use the ^-product arc the 
Yukawa couplings ■?/5[0, ■?/'] and X'Px- To compute the bosonic part of the effective 
action, we only need x4'X- According to (A. 26), the effect of the *-product on this 
term is equivalent to replacing the matrices T^a by deformed versions E^, 

r * ^Aab(t>A * X' = r^Aal>(t>Ax'' ■ (3-38) 

The explicit formulas for the matrices are given in (A. 2 7). 

3.3.2 The effective action 

Integrating out g, g, x ^^id X from the deformed microscopic action, we get 

5eff(^, Y, D) = + i^) + tr|2z£^L'^. [X,, X,] - [X,, Y^] [X^, Y^] } 

+ lnA,,,--lnA^,^, (3.39) 
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where 



In Ag^g = Nln det {Y^ + it,D^, ® a^,) , (3.40) 
In A;^,^ = AT In det (S^ Ya) . (3.41) 

The dependence of 5'efr(-'^, Y, D) on D^^, is exactly the same as in the undeformed 
model studied in [7]. The solution of the saddle-point equation (3.7) is thus given by 
(3.11) for yj = 0. In particular, when we write (3.9), (D^i,) is of order and will 
contribute to Scs only at order four or higher in e. 

To leading order, (3.39) yields 

c^^^^+i^ + 2N\ny'^ - NlndetU , (3.42) 
A 

where the matrix U is defined by 

U^VA^A. (3.43) 

The determinant of U can be computed straightforwardly in terms of the polar coor- 
dinates introduced in (2.44), 

detU = p* + p2 + pt + 2 cos(27r7i)p2Pl + 2 cos{2TT-f 2) pIpI + 2 cos (27173)^^^2 ■ (3-44) 
Plugging this result in (3.42) and using the coordinates n defined in (2.45) yields 



c = — h 

A 



AT In 



4:(rlrl sin^(7r7i) -|- r^rl sin^(7r72) -|- r^rl sin^(7r73)) . (3.45) 



Let us note that this result was also obtained in the context of standard instanton 
calculus in [18, 19]. 

The effective action at first and second order is fixed in terms of the derivatives 
of c. New information is found in the completely antisymmetric coefficient at order 
three, which yields the three-form F^^^ defined in (2.12). Expanding in e using (3.12), 
we see that both determinants (3.40) and (3.41) contribute to the third order action, 
but only (3.41) yields a completely antisymmetric term. Explicitly, we get a nice and 
compact result, 

F(3) = -^tr(u-^dU A U-^dU A U'^dU) . (3.46) 

In particular, this formula makes manifest the fact that dF'^^) — 0. However, the 
evaluation of the trace on the right-hand side is extremely tedious to perform man- 
ually, because the explicit expressions for the matrix U and its inverse are very 
complicated. We have thus implemented the calculation in Mathematica. The re- 
sulting formulas greatly simplify when using the coordinates defined in (2.44), (2.45) 
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and (2.47). To linear order in the deformation parameters, which is all we need to 
compare with supergravity, we find, for the two-form potential defined in (2.15), 



uji A (7id6'i + 72d6'2 + 73d6'3) 



■ (7ir^r^ d^2 A d^s + l2rlrl d^3 A d^i + 73r?r^ d^i A d^s) +0(7'), (3.47) 



where the one-form uj\ is defined by the condition 

da;i = rir2r3 sin ^ d^ A d^ . 



(3.48) 



The exact result in the supersymmetry preserving case 7i = 72 = 73 = 7 is given 
in (2.50). Similar formulas can be obtained in other special cases, but they are 
not particularly illuminating. The general formula for arbitrary finite 7iS is very 
complicated and we shall refrain from writing it down explicitly. 



3.3.3 The emergent geometry 

Expanding (3.45) to quadratic order in the deformation parameters and using (2.8) 
yields 

e-^ = ^ (1 + \x{l.rlrl + l2rlrl + 73r?r2') + 0(A7^)) . (3.49) 

When the background is a small deformation of the undeformed AdSs x solution, 
i.e. when X'-yf <^ 1, this is a perfect match with the supergravity solution (C.12) and 
(C.18), consistently with the discussion in Section 2.3. Similarly, (3.47) and (2.16) 
yield 

= - ^ {lArl d^^2 A d^3 + l2rlTl dd^ A dO, + 'ysrfrl dO, A d^s) + O (7^) , 

C2 = -ReC(2)-— S 

2^ (3.51) 
= -8N£luJi A (7id^i + 72d^2 + 73d^3) - + ^'(t') ■ 

After making the SL(2, M) transformation Cq Co + C2 ^ 6*2 — ^-8 to generalize 
the solution to an arbitrary bare d angle, we find again a beautiful match with the 
supergravity background (C.13) and (C.14) in the appropriate limit. 

Actually, in the present case, it seems that the discussion of Section 2.3 can 
be slightly refined. Indeed, because the imaginary part of c given by (3.42) is a 
constant, it turns out that the general matrix coordinates redefinitions do not act 
on ReF^^) [27]. This three-form is thus unambiguously fixed by our microscopic 
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calculations, even when the perturbation with respect to the undeformed conformal 
Af — 4 gauge theory is large. As a consequence, to compare with supergravity, we 
do not have to impose X'-ff to be small. The only relevant constraint is of course 
the validity of the supergravity solution itself, which is the weaker condition X'-ff ^ 1 
together with A ^ 1. In this limit, we are allowed to expand the microscopic results as 
in (3.47), since 7, <^ 1. However, we are not allowed to simplify the function G defined 
by (C.18) in the supergravity solution, because X^f may be large. Remarquably, we 
do find agreement with the microscopic prediction, because the real part of C^^^ is 
related to the right-hand side of (C.14) which does not depend on G\ 

4 Conclusion 

We have successfully applied the framework of [7] to three non-trivial deformations 
of the A/" = 4 supersymmetric gauge theory. In spite of the limitations, explained 
in Section 2.3, associated with the use of D-instantons to probe the geometry, we 
have been able to reproduce highly non-trivial features of the supergravity duals 
from a purely microscopic calculation. For example, equations (2.40), (2.41), (3.50) 
and (3.51) reproduce intricate solutions for the form fields in supergravity. To our 
knowledge, this kind of information on the gravitational duals has been totally out 
of reach of previous field theoretic studies. 

A very large class of models, including theories for which the supergravity dual is 
not yet known explicitly, can a priori be studied along the same lines. In particular, 
the method is not limited to D-instantons. An important next step will be to study 
genuine quantum mechanical pre-geomctric models, corresponding to the microscopic 
description of higher-dimensional probe branes, from which space and a non-trivial 
background emerge. We hope to report on the examples with D-particles and D- 
strings very soon [47, 48] . 

Acknowledgements 

This work is supported in part by the Belgian Fonds de la Recherche Fondamentale 
Collective (grant 2.4655.07) and the Belgian Institut Intcruniversitaire des Sciences 
Nuclcaircs (grant 4.4511.06 and 4.4514.08). M.M. and A.R. are Research Fellows of 
the Belgian Fonds de la Recherche Scientifique-FNRS. 

A Notations and conventions 

We work in Euclidean signature throughout this paper and do not distinguish upper 
and lower vector indices. 
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A.l Indices and transformation laws 



See table 1. 



A. 2 Four-dimensional algebra 

With the standard Pauh matrices 

= (? J) ' ^2 = (° 7) , as = (J , (A.l) 

we can define 

fT^ad = (<?, -il2)ad , = (-^' -^^2)"" (A.2) 

and 

1 _ _ _ 1 _ 

The following identity is very useful: 
1 



4 



where e^j^pg. is the completely antisymmetric tensor with €1234 = +1. 

We denote by an upper "+" sign the projection of an antisymmetric tensor on its 
self-dual part, 



With these definitions a^j,^, is self-dual, 



(^t^-y = <^t^ ■ (A.6) 
Let us finally mention the following useful identities, 

det(l2 + af,ya^,y) ^l + a\, (A. 7) 

(l2 + S.a,.)"' = ^^^^^> (A.8) 



where 
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Spin(4) SU(4) U(A^) U{K) 



, ... (upper or lower) 


(1/2 0) 


1 


1 


1 


, ... (upper or lower) 


fO 1/2) 


1 


1 


1 




(1/2 1/2) 


1 


1 


1 


n, h (lower) 


(0 0) 


4 


1 


1 


a,b, ... (upper) 


(0 0) 


4 


1 


1 


A,B, ... 


(0,0) 


6 


1 


1 


/,/',... (lower) 


(0,0) 


1 


N 


1 


/,/',... (upper) 


(0,0) 


1 


N 


1 


... (lower) 


(0,0) 


1 


1 


K 


(upper) 

X j — fZA 3 


(0,0) 


1 


1 


K 


(1/2, 1/2) 


1 


1 


Adj 




(0,0) 


6 


1 


Adj 




(1/2,0) 


4 


1 


Adj 




(0,1/2) 


4 


1 


Adj 


D ^ 

livi 


(1,0) 


1 


1 


Adj 


Qafi 


(1/2,0) 


1 


N 


K 




(1/2,0) 


1 


N 


K 




(0,0) 


4 


N 


K 




(0,0) 


4 


N 


K 



Table 1: Conventions for the transformation laws of indices and moduli. For maxi- 
mum clarity, we have indicated all the indices associated to each modulus, whereas 
in the main text the gauge U(iV) and U(ii') indices are usually suppressed. The 

representations of Spin(4) = SU(2)+ x SU(2)_ are indicated according to the spin in 
each SU(2) factor. The (1/2, 1/2) of SU(2)+ x SU(2)_ and the 6 of SU(4) = Spin(6) 
correspond to the fundamental representations of SO (4) and SO (6) respectively. 
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A. 3 Six-dimensional algebra 
A. 3.1 Undeformed case 



We define 



Si 



/o 


-1 





0^ 




/o 


—i 





o\ 




fo 





-1 


\ 


1 













i 






















-1 











1 


, S2 = 











—i 




1 











Vo 





-1 


Oy 




VO 





i 








1 







/o 





—i 


o\ 




^0 








-1\ 












-A 











i 










1 













—i 





i 











, ^5 = 





-1 








, ^6 — 





i 








\o 


—i 





0/ 




vi 












V 








0/ 



and 



M ■ 



These matrices satisfy the algebra 
as well as the relations 



2^ ^Acd ) ^Aab — '^(^ahcd^A 



cd 



(A.IO) 

(A.ll) 
(A.12) 

(A. 13) 



where the es are completely antisymmetric symbols with 61234 = e^^^^ = +1. Eu- 
clidean six-dimensional Dirac matrices, satisfying 



can then be defined by 





Sa 



If v = {va)i<a<6 is a six-dimensional vector, one can check that 

det{vA^A) = v'^ , 
va^a 



(va^a)-' 



^2 

V 



(A.14) 
(A15) 

(A.16) 
(A.17) 



In Sections 3.1 and 3.2 of the main text, we have to compute the expansion of some 
determinants of the form 

In det (E^ (VA + ilsA)) ^Inv^ + J^ tr ((t;^E^)-^ E^ (g) e^)" = J] t^'^ . 



k=l 



k=0 



(A. 18) 
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Up to order five, this is done by using the trace formulas in [7] , which yield 
4 



tru(i,) [4{v-ef-3v\v-e)e'] , 



3v' 



- ^ tru(jf) 



/-> ->^4 -.2/-' ->\2->2 I 1 ^4^4 -'-^4 

{v ■ e) -V [v ■ e) e + -7V e - -v CAeB^A^B 

4 o 



t^^^ = -^tru(i^) 



^4 ^^4 ^ 
V [y ■ ee — v 



5 

e eB^-c^B^-c + v-e ese'^eB) + -^'^VAe^i...A5AeAi • • • 

o 



(A.19) 
(A.20) 
(A.21) 
(A.22) 



(A.23) 



Weyl spinors \a and ip"" in the 4 and 4 representations of the rotation group 
Spin(6) = SU(4) transform under a six-dimensional rotation parametrized by the 
antisymmetric matrix fi, 5xa — —^ab^b, as 



where the generators of the rotation group are defined by 



(A.24) 



Y^AB = ^(SaSb — S^E^) , Hab = ^(SaSb — S^E^) . (A. 25) 

This yields in particular the charges under the U(l)i x U(l)2 x U(l)3 subgroup of 
S0(6) corresponding to rotations in the 1-2, 3-4 and 5-6 planes respectively, see Table 
2. 



A. 3. 2 /3-deformed case 

The U(l)i charges in Table 2 are used to compute the *-product in Section 3.3. In 
particular, deformed E^ matrices can be defined by the identity 



(A.26) 



29 



Explicitly, we have 



/ 


_^7l-72 





\ 






^ 71 n^72 















u 


U 


u z 


—71 —72 








u — 


,,■71 +72 








/ 


^71—72—1 










\ 


• ^1 1 — 1 1 1 

2 7lT^72T^-i- 















U 


U 


U 




72- 


-1 




U 


^71+72+1 







/ 


/ 


-1 


-71+73 














- 


^71+73 






All -73 

ll 


u 


u 











-71 —73 


U 


) 






( ° 





^-71+73- 


' 


\ 











^71+73+1 


^71—73+1 


n 
u 


u 







V 


,i'— 71 — 0'3 — 1 


A 

U 





/ 


/ 








^72-73^ 






u 


U I 


M M 












_272+73 












^^-72+73 








) 






/ 










73- 










^-72-73- 


' 







^72 +73+1 










^^-72+73+1 














(A.27) 





yi + m 


ys + iy4 


Vr, + iye 


Ai 


A2 


A3 


A4 


^1 




^3 




U(l)i 


1 








1 
2 


1 
2 


1 
2 


1 
2 


1 

2 


1 

2 


1 

2 


1 
2 


U(l)2 





1 





1 

2 


1 

2 


1 
2 


1 
2 


1 

2 


1 

2 


1 

2 


1 

2 


U(l)3 








1 


1 
2 


1 
2 


1 
2 


1 
2 


1 
2 


1 
2 


1 
2 


1 
2 



Table 2: Charges under U(l)i x U(l)2 x U(l)3 C S0(6). The spinors Aq and ip"" are 
arbitrary spinors in the 4 and 4 representations of Spin(6) respectively. 
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B Myers' non-abelian D-instanton action 



Myers' non-abelian D-instanton action [8], in the expansion (2.6) up to order five, is 
given in terms of tlie type IIB supergravity fields by the following formulas [7], 



c(0) _ 
'-'eff — 


—2mKT , 




c{l) _ 
'^eff ~ 


-2i7rildMTtr cm , 




c(2) _ 
'^eff — 


—inl^dudNT tr em^n , 




c(3) _ 
'^eff — 


{-jitdMdNdpr - 2t:1%m{tB - 


C2)np]) tr eM^N^p 


c.(4) 
'-'eff ~ 


ZTT StT 

{-^^IdMdNdpdqT - —t^dMd[N\ 


'jB - C2)PQ\ 



— TT^gC ^{GmpGnq — GmqGnp)) tr sm^n^p^q , 
'^eff = {—^fdMdNdpdQdRT - "^itdpOgdRirB - C2)mn 

— iri^dp^e ^ {GmpGnq — GmqGnp)) 

- m£ld[M{CA + C2^B - ^B ^ B)npqr]^ treMeNepegeR . 

C Some type IIB supergravity backgrounds 

We review in this appendix the known supergravity backgrounds dual to the non- 
commutative and /3-deformed Euclidean A/" = 4 super Yang-Mills theories studied in 
the main text. We use the standard relation between the radius R and the 't Hooft 
coupling A, 

R* = a'^X = ^. (C.l) 

The backgrounds are written at zero bare angle. The solutions at non-zero can be 
obtained by performing the SL(2,M) transformation Cq ^ Cq + C2 ^ C2 — ^B 
and C4 — > C4 + AS, which automatically yields a new solution to the supergravity 
equations of motion. 

C.l The dual to the non-commutative gauge theory 

The gravitational dual of the non-commutative deformation of the A/" = 4 super Yang- 
Mills theory was derived by Hashimoto, Itzhaki, Maldacena and Russo in [11,12].^ 

"'^Our formulas can be matched with those in [12] by making the replacements B? — > a' B? , 
6*12 67(27r), 6*34 ^ 6/(27r), r -)> a'R^u, A/(47riV) -)> g and Cq ^ C2 -A, F5 -J> -F. 
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With non-vanishing non-commutative parameters 9i2 — —^21 and 634 — —643, the 
solution for the string-frame metric and the other supergravity fields reads 



dxf + dxl ^ dxl + dxl 



R 



, +^^^r' + R^dnl, (C.2) 

A12 A34 J 

VA12A34, (C.3) 



/6'i2 dxi A dxs , 6*34 d^s A da;4 \ 

^=m^ — X + ^ — X ' y^-v 



R^ V A12 4 ^34 

^^-^^ 

_ 4i7rA^ /^34 dxi A dx2 ^i2dx3Adx4\ , . 

- ^U^i^ ^ ~^^^) ' ^ ^ ^ 

^ levrr^ ^ . dxi A dx2 A dx^ A dx4 ,^ 
= - K^^A^^ ' (C-7) 

where the functions A12 and A34 are defined by 

The xi, a;2, 2^3 and X4 are the world- volume coordinates on which the gauge theory 
live, r is the transverse radial coordinate, expressed in terms of the six transverse 
coordinates y = {yA)i<A<6 as = dQf is the metric on the five-dimensional 
round sphere of radius one and U4 is a four-form defined in terms of the volume form 

1 R^yp , , 

•^sB = 77 — 7—^ABCDEF dyA A • • • A dys (C.9) 

5! r° 

on of radius i? by 

da;4 — Lij^s . (C.IO) 

The consistency of the supergravity approximation for the above solution requires 
as usual A » 1. In the far infrared region r <C i?4/v^ ~ ^A^/'^/V^, the solution is 
a small deformation of the usual AdSs x background and can be compared with 
the microscopic calculations presented in the main text. On the other hand, in the 
far ultraviolet region r ^ i?4/v^, the metric (C.2) approximates another AdSs x 
space, with a new radial coordinate f = 1/r. Thus there is no conformal boundary 
at infinity, which signals that the non-commutative theory is not a standard UV- 
complete quantum field theory. 



C.2 The dual to the /3-deformed theory 

The gravitational dual of the /3-deformed A/" = 4 super Yang-Mills theory was derived 
by Lunin and Maldacena in [17] in the Af = 1 supersymmetry preserving case 71 = 
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72 — 73 and generalized by Prolov in [14] to arbitrary deformation parameters 71, 72 
and 73. The solution for the string-frame metric and the other non-trivial supergravity 
fields reads 

ds^ = ^dx^dx^ + ^dr^ + R^nl , (C.ll) 



4nN 



(C.12) 



B^-^-^G {-i^rlrlde^ A d^2 + 72r^^d^3 A d^i + iirlrldO^ A d^a) , (C.13) 
C2 = -mil coi A (7id^i + 72d^2 + 73d^3) , (C.14) 

C4 = ^ (G cji A d^i A d^2 A d^3 - iuA . (C. 15) 

TT 

The coordinates Xfj,, 1 < < 4, can be viewed as the world- volume coordinates of the 
background D3-branes. The coordinate r is the usual transverse radial coordinate, 
expressed in terms of the six transverse coordinates y = {yA)i<A<6 as = y^. The 
coordinates (r,, 6'i)i<i<3 are defined by the relations 

yi = pi cos 9i , y3 = p2 cos 6*2 , y^ = Ps cos 6^3 , 

y2 = pi sin 6^1 , 7/4 = p2 sin 6*2 , y& = Ps sin 6*3 (C. 16) 

and 

\/p\ + pi + pi 

The function G is given by 

1 = 1 + A(7iV2r32 + ^Irlrl + 73V?r2') ■ (CIS) 

The metric (C.ll) describes an AdS5 x geometry for a deformed five-sphere 
endowed with the metric 

- E(dr.^ + Gr^de^) + AGr,V,V^ [fl ^^^^^^ " ^^'^^^ 

Defining the angles 9 and (p by 

ri = sin^cos0, r2 = sin^sin0, r3 = cos^, (C.20) 
the one-form cui in (C.14) and (C.15) satisfies 

duji = rir2r3 sin 6* d6' A d0 (C.21) 

and can be chosen to be 

oji — - sin'' 6 cos sin d0 . (C.22) 
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The four-form 004 in (C.15) satisfies 



duj4 — a;AdSi 



(C.23) 



where 



<^AdS5 = ^^dxi A • • • A dx4 A dr 



(C.24) 



is the volume form on the unit radius AdSs space. Exphcitly, one can choose 



Changes of ui and UJ4 by exact forms correspond to a supergravity gauge transforma- 
tion. 

The /3-deformed theory is conformal in the planar limit, which explains the fact 
that the AdS^ factor in the metric (C.2) is undeformed. The consistency of the 
supergravity approximation requires, on top of the usual condition A ^ 1, that 
^fX <S 1, as can be checked by evaluating the curvature of the deformed sphere 
(C.19). In particular, the 7,^8 must be very small. This explains why the periodicity 
in the deformation parameters, (71, 72, 73) = (71 +^1, 72 + ^^2; 73 + ^3) for any integers 
ni, n2, na, which is manifest in the microscopic theory and in particular in the effective 
action computed in Section 3.3, cannot be seen in the supergravity solution. Finally, 
let us note that the background is a small deformation of the usual AdSs x solution 
when 7^ A <^ 1, a condition often used in the main text. 
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